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Finiteness of B- representations :

Definition : IX.d) Jlt projective pair .
Bir IX.at the

group of
all birational maps g of X .

such that if we take a common resolution :

Y I- mlkxi-L.IT

p*I~mp*lkxtL) = mq•lkx+↳ )*
p•I ~ Mq

- Ckx + d)

✗ -d-→ X q - p
- f - mckx+41

Then p* thx +41 - g-
* Crito )

.

The induced homomorphism

pm : Bir IX.d)→ Aut CHOCX
,
②✗ Cm Ckx + a ))))

is called the B- representation of IX.d)

Theorem 1.2 : Given a projective Jlt pair IX.Ll ) such that

Kitt is semi ample Q - divisor . There exists ns.t the
image

of the B- representations :

pm : Bir CX.at → Aot (1-104,0×(140*+411))

is finite for every
M divisible by m .



Finite of B- representations :
1m (Kx +G)I is base point free and it induces an algebraic
fibration f :X→ T so that .

Y = Pro; ④ HTX.bxcdmbkxtl.IN
.

Jaco

we can write Kitana f-
* 1kt +8+5)

.

Bso is the boundary part it depends on sing et the token .

13 = I
'
11 - lot CCX ,d) i f- * PJJP

PET

prime
↳
over the generic point of P -

J is the moduli part . is a b- divisor which is net.

↳ its definition comes from VHS
.



Action on Y :

For
every g

c- Bir IX.d) and Jzo
,
we have a

homomorphism pjm : Bir CX.LI )→ Auto Ho CX, Oxctmckxta))).

Hence , we have an induced homomorphism .

X : Birlx >4)→ Hutch
.

For
any ge

Bir IX.d)
.

there is a commutative diagram :

X -

t
- → ×

d- 1 It
✗GI

Y- T

For
any

d
, we have an exact sequence :

1→ G- → pjmlbirlx.LI )) → ✗ (Birchall → I

G- E Holt
. 671 -

*

is a finite subgroup.

Theorem 3.1 : The image XCBircx.IN E Aut CTI is finite .

Lemma 3.2 : The image of
✗ (Bir CX.LI)) is contained in

Aut CT, B) .



Heuristic of the proof :

✗ H×t< reef
* Chat 13+0 )
-

ample .d- I
Y An element

ge
Bir CX -d) induces an element

✗g) c- Aut CY, B) . , let's
say

that ✗g) c- Aut latest

Kit Bt J is ample
"

it behaves like a variety of yen type
"

.

Philosophy : The subgroup Hutch Bts ) of Auto , B)

which "

respect
"

J should be finite



Hodge theoretic construction :

IX.d) to if :X →T fibration of relative t.mn .

Hxtd~o.to
.

p : W→ X
, P

. Ckx +41 = Hw + E + F - G . {F) = F

oct-c-Z.fi W- T , § is smooth over 7°

We may assume
Christa ) / xo v0 by shrinking To

V0 = w CG . - E° ) so that V0
••
= ② no Cath

↳ This data defines a local system 1750 on W°1soppCE°UFI.

pea - cover ti W'→ WO , E
'

= red R•E°
.

tix (① / WIE. ) = ⑤ ☐ ☒ (① twined
" '

I

-111-0 isomorphic to the restriction of Tex Calw .ws . )
"

,

we denote It = Ra (Glutei )
"

.



(Rio* IT /
☒ ←

is a local system on 7° .

§
'
: W

'
→ 7°

, then Rio, * IT is a direct

1
summand of Rift ① twine ! which carries a

variation of mixed Hodge structure
. The bottom

piece

of the Hodge filtration :

F-
"

Riff (Gtw 'sE) = §*
'

www.cCE ' )

V1 V1

f-
"

R
"

§* ( IT /wo\Eo ) = §*6wolG°) ← fine bundle on T:

L E Wnti (R"§*Ñ ) but L & Wnw - , CRY- It ) .

III. smallest pure
sub - On - VHS of Grnhii (Rio* It 1

.

which contains L .

Lemma : IFI does not depend on the choice of

the resolution



Finiteness of B- representations:

proposition 3.3 :
(1) Let

ye Bir
IX.d)

. If we assume III is defined

over an open
set To IT

.
Then over Ton ✗go

"

(to )
.

there is an isomorphism Ig : ✗g)
*

' IH E IH .

(2) Let Jiya c- Bir LXIII
,
then over

Yon ✗get
- '

CTOI A ✗Gal
- '
Cto ) we have

igsoigz-igs.ge .

Proof : Let W be a common resolution :

picked) = Pickard ) . ,W

% Y Wi can shnmr 4° , so that

✗ - f-→ ✗ Rios * Gti ) and Rhof*CHT) are

d- 1 If
defined over Yon IGI

- '

(7)
.

T* T

✗g)
*

L =L
.

Then, the isomorphism *
i RY. * Ati)→ 12%4*1*1

sent L to L
,
so it must send III to It . ☐ .



Remark : JE Bir C.X.LI )

✗g)
* L EL .

✗ (Birchall is a subgroup of PGLCNL

G- i-X-BX.LI ) algebraic closure of XCBircx.cn
in PGLCN) . by contradiction

, assume G-info
G- is a linear 21g group , so it either contains ④or or Gm

.

Claim : G contains no sub - torus .



Toros action Lemma :

Lemma : (Tib ) sub - lo
. µ : G-mxCT.BJ-sc-c.io )

faithful torus action
.
For tet general , if we denote

fut . IP
'
✗ HI→ 4

.
the closure of the orbit ,

then

deg tf the + B) so .

Proof : Y
' "→ T log rest of KiB ) .

G-m - t n ftp.pCBJUExcr )) _- ¢ .

Erm → Tl supp (B) U RlExcel) .

ft : IP
'

→ y !

f.t.tl?'xT→Y
'

generically finite
• 0/1-1 txipi = 0ft
• TET

'

open .

On the other hand
,

12*4×+1-8) sky . + B
'



We conclude that .

0/7 ( Kyi + B ' ) £ Tippi
& Tx {01 t Tx {007

Therefore , we conclude that :

deg µ :( He +B) £ tag of:(Kit B ' ) £

HD
'
. ( HT✗ ya ' 1- Tx {01 t Tx { oo ) ) = 0 .

☐ .



Theorem : G- does not contain Gm
.

Proof : I = U fool .
gc-XCB.rcx.at)

III is non - degenerate over F.

o : IID
'

→ Y general orbit , 0*11-1 well -defined our On

Y
'"_Y G- equivariant resolution of G. 7172

11-1
'
= NIH . . defined outside the snc locus

.

TicketBts) = Kyi + B' +01 , J ' nef , Gdi E) sub - le

§ : 2- → T
' branched cover 4*11-1

' his onrpofent

monodromy and extends to z . Yo :C→ P
'

normalization of P'
'
× .cz

. of degree d.

set Jz = E-
"" "

↳• 11-111 , then

Jc = E-
"+" (g- IH

' Ic ) = 0-z.la
.



0J ( Ht ) is a nondegenerate HS on Gm &

unipotcnb monodromy at fol and lool
.

By Deligne's semisimple Theorem
, 0¥ H1 is trivial .

E- ""
°

(of (11-1) ) = ②pilot ) , we have :

f- J* Jd ~ a ¥ , etc * Jc - a O
'

/ pi =°

We conclude :

deg (0*114+13+02) = tag .

(0*(1*+13))

⇐ tag . ( Kat B '

) £0.

→-

☐ .


